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Abstract
(1) Given operators A > 0 and B > 0 on a spaceH, the following statements are equiva-
lent: (i) A  B; (ii) there exists an operator Z > 0 on a spaceF ⊃H such that A = (ZH)−1
and B = (Z−1)H; (iii) there exists an operator Z > 0 on a space F ⊃H such that A =
(ZH)
2 and B = (Z2)H. (2) For p = −1, 2, 3 we show that the condition 0 < Ap  B en-
sures the existence of Z > 0 onH⊕H such that A = ZH and B = (Zp)H. Several related
results are proved and open problems are considered.
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0. Introduction
Given strictly positive (i.e. positive and invertible) operators A and B on a finite
dimensional or a separable, infinite dimensional Hilbert spaceH, it is very easy to
dilate them into a commuting pair of strictly positive operators X and Y on a larger
spaceF =H⊕ G; it suffices to take G =H and
X =
(
A A − rI
A − rI A
)
and Y =
(
B −B + rI
−B + rI B
)
, (0.1)
where r > 0 is sufficiently small to ensure that A − rI  0 (I denotes the identity
operator on any space) and B − rI  0. We then have X = f (Z) and Y = g(Z) for
some strictly positive operator Z and two nonnegative functions f , g. Thus, we can
write
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A = f (Z)H and B = g(Z)H (0.2)
in which the symbol XH means the compression onto the first summand of an oper-
ator X acting on a space of the form ⊕kH and an expression such as f (X)H must
be understood as (f (X))H. This basic observation leads us to consider the following
problem:
Given strictly positive operators A,B onH can we find a strictly positive opera-
tor Z onF ⊃H such that
A = ZH and B = (Z−1)H? (0.3)
An equally natural dilation problem is:
Given strictly positive operators A,B onH can we find a strictly positive opera-
tor Z onF ⊃H such that
A = ZH and B = (Z2)H? (0.4)
Of course other dilation problems can be raised by using other functions than t →
t−1 or t → t2 and we will later propose a general conjecture.
Answers to (0.3) and (0.4) may be negative. Indeed, by a classical result [5,
p. 474, Theorem 7.7.8], operators A > 0 and B > 0 satisfying (0.3) must also verify
A−1  B, equivalently [1, p. 114], A  B−1. (0.3′)
On the other hand we may easily check that strictly positive operators A and B
satisfying (0.4) must also verify
A2  B. (0.4′)
In this article we prove that (0.3′) and (0.4′) imply (0.3) and (0.4) respectively. Our
approach uses two simple notions. The first one is that of total dilation. An operator
Z on ⊕kH is said to be a total dilation of the operator A on H if the operator
diagonal of Z consists of a repetition of A,
Z =


A  . . .
 A
.
.
.
...
.
.
.
.
.
.

 .
We express this fact by writing
diag(Z) = ⊕kA.
We note that dilations in (0.1) are total. The second notion used is that of monotone
and antimonotone pairs of positive operators. A pair of positive operators A and B
is said to be monotone if there exist a positive operator C and two nondecreasing
functions f, g : [0,∞) → [0,∞) such that A = f (C) and B = g(C). If f is still
nondecreasing but g is nonincreasing we then say that A and B form an antimonotone
pair. For a stricly positive operator Z, (Z,Z−1) is obviously an antimonotone pair
while (Z,Z2) is monotone.
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1. Total dilations
Our first result solves question (0.3):
Theorem 1.1. Let A,B be strictly positive operators on H. Then, the condition
A  B−1 is equivalent to the existence of a strictly positive operator Z onH⊕H
such that
Z =
(
A 
 A
)
and Z−1 =
(
B 
 B
)
.
(The stars hold for unspecified entries.)
Proof. Clearly the existence of Z implies A  B−1 by (0.3′). To prove the converse
implication we set C = [I − A−1/2B−1A−1/2]1/2 and
Z =
(
A A1/2CA1/2
A1/2CA1/2 A
)
.
From A  B−1 we deduce that I  A−1/2B−1A−1/2; hence C is a contraction.
Since A−1/2B−1A−1/2 is strictly positive, C is even a strict contraction, i.e. ‖C‖ <
1. Therefore A > A1/2CA1/2 so that Z is a strictly positive operator and we may
apply the inversion formula for a partitioned matrix (see [5, p. 18]) to obtain Z−1 as( [A − A1/2C2A1/2]−1 A−1/2CA1/2[A1/2C2A1/2 − A]−1
[A1/2C2A1/2 − A]−1A1/2CA−1/2 [A − A1/2C2A1/2]−1
)
that is
Z−1 =
(
B −A−1/2CA1/2B
−BA1/2CA−1/2 B
)
and the proof is complete. 
Concerning dilations of the form (Z,Z−p) we have the following not very sur-
prising fact:
Proposition 1.2. Let A,B be positive operators on H. The statement A  I and
B  I is equivalent to each of the following:
(a) For each p > 0, there exists a strictly positive operator Z onF ⊃H such that
A = ZH and B = (Z−p)H.
(b) For each p > 0, there exists a strictly positive operator Z on ⊕4H such that
diag(Z) = ⊕4A and diag(Z−p) = ⊕4B.
Proof. The proof requires some familiarity with basic properties of the numerical
range (or field of values) of a normal operator and its connection with elementary
dilation and compression results (see [6, Chapter 1] for this background).
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The implication (b)⇒(a) is obvious. Let us show that (a) implies A  I and B 
I . Fix p > 0. By assumption there exists a strictly positive operator Z on a larger
spaceF ⊃H such that
A = ZH and B = (Z−p)H.
Therefore A + iB = NH where N is the normal operator Z + iZ−p. Consequently
we must have
W(A + iB) ⊂ W(N),
where W(·) denotes the numerical range. For a normal operator M its numerical
range equals to the convex hull of its spectrum: W(M) = co Sp(M) (well, in case of
dimH = ∞, this equality holds for the closure of the numerical range); hence, we
must have
W(A + iB) ⊂ co Sp(N).
Now, we note that
Sp(N) = Sp(Z + iZ−p) ⊂ {z ∈ C : z = t + it−p, t > 0}
so that we necessarily have
W(A + iB) ⊂
⋂
p>0
co{z ∈ C : z = t + it−p, t > 0}
= {z ∈ C : z = x + iy, x  1, y  1}
and this ensures that A  I and B  I .
Now, let us prove that A  I and B  I imply (b). Fix p > 0. Both
S =
(
A A − I
A − I A
)
and T =
(
B −B + I
−B + I B
)
are strictly positive operators on ⊕2H; moreover S  I and T  I . Since ST = T S,
S + iT is a normal operator. From S  I and T  I we infer that
W(S + iT ) ⊂ {z ∈ C : z = x + iy, x  1, y  1} = .
Some elementary geometric considerations then show that any point in  is the mid-
dle of two points lying in the curve
p = {z ∈ C : z = t + it−p, t > 0}.
In particular, any point z of the spectrum of S + iT is the middle of two points α and
β lying in p. Since the one-dimensional operator z can be dilated into the normal
operator
G =
(
z (α − β)/2
(α − β)/2 z
)
with Sp(G) = {α, β}, a standard argument shows that S + iT can be dilated into
a normal operator, say N , acting on (⊕2H) ⊕ (⊕2H) = ⊕4H with Sp(N) ⊂ p.
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This means that N = Z + iZ−p for some strictly positive operator Z on ⊕4H and
we deduce that
NH = ZH + i(Z−p)H = A + iB
so that A = ZH and B = (Z−p)H as wanted. 
Now we turn to the solution of (0.4) via total dilations:
Theorem 1.3. Let A,B be strictly positive operators on H. Then, the condition
A2  B is equivalent to the existence of a strictly positive operator Z on ⊕kH,
where k is any integer for which B  kA2, such that
diag(Z) = ⊕kA and diag(Z2) = ⊕kB.
Proof. Obviously the existence of Z implies A2  B by the simple fact that
(ET E)2  ET 2E for any positive operator T and projection E acting on the same
space. Conversely, we have
0  B − A2  (k − 1)A2
and since t −→ t1/2 is operator monotone [1, p. 115],
0  (B − A
2)1/2√
k − 1  A.
From this we derive that the operator Z on ⊕kH defined by
Z =


A
(B−A2)1/2√
k−1 . . .
(B−A2)1/2√
k−1 A
.
.
.
...
.
.
.
.
.
.


is a positive operator. We then observe that
Z2 =


B  . . .
 B
.
.
.
...
.
.
.
.
.
.


and this completes the proof. 
In [3] several examples of total dilations were given. One more elementary exam-
ple is the following:
Example 1.4. Let (A,B) be a pair of hermitian operators onH and suppose that A
is a strict contraction. For any ε > 0 the hermitian operators
X =
(
A εB
εB A
)
and Y =
(
B A/ε
A/ε B
)
commute and, when ε is small enough, X is a strict contraction.
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In contrast to the previous example, it is not possible in general to dilate a pair of
hermitian strict contractions into a commuting pair of hermitian strict contractions. I
thank Chi-Kwong Li to have shown me the following simple example:
Example 1.5. Consider the hermitian contractions
A =
(
1 0
0 −1
)
and B =
(
0 1
1 0
)
.
Then any normal dilation N of A + iB must satisfy ‖N‖  ‖A + iB‖ = 2 > √2.
Consequently A and B can not be dilated into commuting hermitians with norms
arbitrarily close to 1.
We may extend Example 1.4 to families more general than pairs. For this purpose
we first reproduce, with our notations, Theorem 2.2 in [3]. (We refer the reader to
Section 2 in [3] for the meaning of the formula Bj = Aj(k′j )〈kj 〉[k
′′
j ]; it is straight-
forward to check that Bn is a contraction.)
Theorem 1.6. Let {Aj }nj=0 be positive operators onH. Assume that for j > 0 we
have integers kj > 0 such that I  Aj  (1/kj )I. Then there exist positive opera-
tors {Bj }nj=0 on ⊕kH, where k =
∏n
j=1 kj , such that:
(a) {Bj }nj=0 is a monotone family of positive operators.
(b) diag(Bj ) = ⊕kAj , 0  j  n.
A suitable choice for each Bj is Aj(k′j )〈kj 〉[k
′′
j ] and then ‖Bn‖  1.
Corollary 1.7. Let {Aj }nj=0 be hermitian operators onH and assume that ‖An‖ 
1. Then we can totally dilate them into a monotone family of hermitian operators
{Bj }nj=0 on ⊕kH, k = 2n, in such a way that ‖Bn‖  1.
Proof. We set A′n = (An + I )/2 and for j < n we set A′j = αjAj + (3/4)I where
αj > 0 is sufficiently small to have 1/2I  A′j  I . We apply Theorem 1.6 to
dilate A′j to B ′j with ‖B ′n‖  1. Then, the operators Bn = 2B ′n − I and, for j < n,
Bj = (1/αj )B ′j − (3/4αj )I are the wanted dilations. 
2. Dilations onH⊕H and ⊕kH
Besides the total dilations obtained in the preceding section, it is natural to search
commuting dilations on ⊕kH, and if possible, onH⊕H. Our next result presents
a particularly simple monotone dilation for hermitian operators.
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Proposition 2.1. Let A,B be two hermitian operators acting onH. Then, there ex-
ists a hermitian operator Z acting onH⊕H such that A = ZH and B = (Z3)H.
Proof. Assume first that A is invertible and set
Z =
(
A A
A A−1BA−1 − 3A
)
.
Then (Z,Z3) is a monotone pair of hermitian operators dilating (A,B). If A is no
longer invertible we take
Z =
(
A A
A A−10 BA
−1
0 − 3A
)
in which A0 = A + P , P being the projection onto ker A. 
Remark. The above proof is not valid when dimH = ∞ since A−10 may be un-
bounded. However the curve 3 = {z ∈ C : z = t + it3, t ∈ (−∞,∞)} satisfies the
following property: any bounded region of C is contained in a triangle whose ver-
tices belong to 3. From Mirman’s theorem we deduce that A + iB can be di-
lated into a normal operator N acting on ⊕3H with Sp(N) ⊂ 3. Consequently
(Re N, Im N) = (Re N, (Re N)3) dilates (A,B). Since ⊕3H and ⊕2H are basically
the same when dimH = ∞, Proposition 2.1 remains valid in the infinite dimen-
sional case. For convenience of the reader we recall Mirman’s theorem [7,8]: Let A
be an operator onH and suppose that W(A) is contained in a triangle with vertices
(α, β, γ ). Then A can be dilated into a normal operator N on ⊕3H with Sp(N) =
{α, β, γ }. We also refer the reader to [4] for a transparent proof of Mirman’s theorem.
Now we turn to monotone dilations of positive operators. The following fact gives
a very simple solution for (0.3).
Proposition 2.2. Let A,B be strictly positive operators onH. Then, the condition
A2  B is equivalent to the existence of a strictly positive operator Z on H⊕H
such that A = ZH and B = (Z2)H.
Proof. We already know that the existence of Z entails A2  B. In the converse
direction it suffices to take
Z =
(
A (B − A2)1/2
(B − A2)1/2 λI
)
in which λ > 0 is chosen large enough to ensure Z > 0 (this is possible since A is
invertible). 
Remark. Let A,B be positive operators on a finite dimensional spaceH. We easily
derive from the previous proposition that the following conditions are equivalent:
26 J.-C. Bourin / Linear Algebra and its Applications 374 (2003) 19–29
(a) A2  B and ker A = ker B.
(b) There exists a positive operator Z on H⊕H such that A = ZH and B =
(Z2)H.
Proposition 2.3. Let A,B be strictly positive operators on a finite dimensional
spaceH. The condition A3  B ensures the existence of a strictly positive operator
Z onH⊕H such that A = ZH and B = (Z3)H.
For an infinite dimensional space the same conclusion holds under the assumption
A3 < B.
Proof. Suppose first that A3 < B and choose 1 > ε > 0 small enough to ensure that
B  (1 + 3ε2)A3. We then take
Z =
(
A εA
εA ε−2[A−1BA−1 − (1 + 2ε2)A]
)
.
We observe that, with our choice for ε, Z > 0. A direct computation then shows
B = (Z3)H. To prove the case when the condition A3  B holds for operators on a
finite dimensional space, we apply Lemma 2.4 below. 
Lemma 2.4. Let A,B be positive operators on a finite dimensional spaceH. If the
condition A  B holds while the condition A < B does not hold then there exists
a subspace F ⊂H reducing both A and B and such that AF = BF and AF⊥ <
BF⊥ .
Proof. The subspaceF is nothing less than ker(B − A). 
For monotone dilations of the form (Z,Zp), p > 0, we note the following fact:
Proposition 2.5. Let A,B be strictly positive operators on H and assume that
A  I  B. Then, for each p > 1, there exists a strictly positive operator Z on
⊕3H such that A = ZH and B = (Zp)H.
Proof. A + iB is an operator whose numerical range lies in the region
 = {z ∈ C : z = x + iy, ε  x  1, 1  y}
in which ε = ‖A−1‖−1. Now, fix p > 1 and let
p = {z ∈ C : z = t + itp, t > 0}.
We observe that W(A + iB) is contained in a triangle whose vertices are three points
in p. Mirman’s theorem entails that A + iB can be dilated into a normal operator
N acting on ⊕3H with Sp(N) ⊂ p. We then deduce that N = Z + iZp for some
strictly positive operator on ⊕3H. Therefore A = ZH and B = (Zp)H. 
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We close this section with:
Proposition 2.6. Let A,B be positive operators onH. Then:
(a) There exists an invertible hermitian operator Z on ⊕3H such that A = ZH and
B = (−Z−1)H.
(b) There exists an invertible hermitian operator Z on ⊕4H such that ⊕4A =
diag(Z) and ⊕4B = diag(−Z−1).
To prove (a) we proceed as in Proposition 2.5 while the proof of (b) is similar to
that of Proposition 1.2.
The results of this section show that pairs of strictly positive operators onH can
be dilated in various ways into monotone pairs of positive operators onH⊕H, for
instance into pairs of the form (Z, aZ2). We mention that, in the converse direction,
the compression of monotone pairs produce a lot of inequalities [2].
3. Some open problems
It seems very plausible that our results are parts of more general theorems. In this
section we list several open questions. First, from Theorem 1.1 and Proposition 2.2
we derive:
Corollary 3.1. Let A,B be strictly positive operators on H. The following state-
ments are equivalent:
(a) A  B.
(b) There exists a strictly positive operator Z onF ⊃H such that
A = (ZH)−1 and B = (Z−1)H.
(c) There exists a strictly positive operator Z onF ⊃H such that
A = (ZH)2 and B = (Z2)H.
Proof. Implications (b)⇒(a) and (c)⇒(a) are known ((0.3′) and (0.4′)).
Let us check the implication (a)⇒(b). Let X = A−1 and Y = B. Since t −→
−t−1 is operator monotone, X  Y−1. Hence, Theorem 1.1 entails the existence of
a strictly positive operator Z on F ⊃H such that X = ZH and Y = Z−1H , that is
A = (ZH)−1 and B = (Z−1)H.
To check the implication (a)⇒(c) we set X = A1/2 and Y = B. Consequently
X2  Y and Proposition 2.2 ensures the existence of a strictly positive operator Z
on F ⊃H such that X = ZH and Y = (Z2)H. Thus, we have A = (ZH)2 and
B = (Z2)H. 
In view of the above corollary it seems natural to pose:
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Conjecture 3.2. Let A,B be strictly positive operators onH and letf : (0,∞) −→
(0,∞) be onto, nonlinear and operator convex. Then, the following statements are
equivalent:
(a) A  B.
(b) There exists a strictly positive operator Z onF ⊃H such that
A = f (ZH) and B = f (Z)H.
Of course our motivation for this conjecture is the fact that both t −→ t−1 and t −→
t2 are operator convex functions. Besides, implication (b)⇒(a) is a well-known and
easily established property of operator convex functions. We refer the reader to [1,
Chapter 5, in particular Section 5.2] for a proof of these facts and more information
about operator convex functions.
A related question is the following:
Let f : (0,∞) −→ (0,∞) be onto and such that: for any pair of positive opera-
tors A,B onH satisfying 0 < A  B, there exists a Z > 0 onF for which
A = f (ZH) and B = f (Z)H.
Is f necessarily operator convex? More generally, how to characterize such func-
tions?
Obviously we can state Conjecture 3.2 withF =H⊕H. Moreover, a total di-
lation version could be considered.
Propositions 2.2 and 2.3 suggest:
Conjecture 3.3. Let A,B be strictly positive operators on a finite dimensional
space H and let p > 1. Then, the condition Ap  B ensures the existence of a
strictly positive operator Z onH⊕H such that A = ZH and B = (Zp)H. For an
infinite dimensional space the same conclusion holds under the assumption Ap < B.
It would also be interesting to investigate the case p < 0.
In view of Examples 1.4 and 1.5 we ask:
Question 3.4. Given strictly positive operators A and B onH with ‖A‖ < 1, can
we dilate them into a commuting pair of positive operators X and Y onH⊕Hwith
‖X‖ < 1? On ⊕3H, the answer is “yes” by Mirman’s theorem. A similar question
can be asked for two normal operators A and B.
Proposition 2.1 can probably be generalized:
Question 3.5. Let A be an operator on H and let p > 3 be an odd integer. Is it
possible to dilate A into a normal operator N on H⊕H with Sp(N) ⊂ {z ∈ C :
z = t + itp, t ∈ (−∞,∞)}? Of course other curves could be considered.
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Question 3.6. Let (A,B) be a pair of hermitian operators on H. Can we totally
dilate it into a pair (Z,Z3) on ⊕3H for some hermitian Z? (It is not possible to do
this on ⊕2H.)
In view of Theorem 1.1 and Proposition 2.6 we ask:
Question 3.7. Is it possible to state a result analogous to Theorem 1.1 on ⊕3H?
Question 3.8. Given two positive operators A,B on H, can we find an invertible
hermitian Z on ⊕2H such that A = ZH and B = (−Z−1)H?
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